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ABSTRACT: Railway traffic in shallow depth rock tunnels can give unacceptable levels of
ground borne noise in buildings above the tunnel. For such a tunnel under construction in
Norway a project involving full scale testing was commissioned by the Norwegian Rail Ad-
ministration (JBV), with the aim of designing the most cost effective track that satisfied the
prescribed residential sound levels. Evaluation of various track designs was based upon the
results of a numerical model of the wagon-track-tunnel system. This model and the corre-
sponding input parameters are the focus of this first part of a two part paper; the second part
concentrates on the full scale tests. The numerical model presented herein is a one dimen-
sional model of the suspended railcar, rail, sleeper, railway substructure (ballast, ballast mats
and backfill) and tunnel floor. The model comprises mechanical mass-spring-damper elements
and “geolayer” elements embodied by the one dimensional wave equation. Verification against
results from other contributors is presented, and the model is shown to give high quality re-
sults with a modicum of computation. The properties of the constituent track materials are also
discussed in this paper, with particular attention paid to the in-situ stress conditions.
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1 INTRODUCTION

An example of a shallow depth tunnel under a residential area is shown in Figure 1(a). The
section under consideration in this work has an overburden of approximately 5 m, and along
this section an extra 1.6 m of rock was blasted from the tunnel floor. In addition to the normal
0.6 m of ballast this results in a total of 2.2 m (between the bottom of the sleeper and the
tunnel floor) available for the design and testing of improved track substructure solutions. The
main design goals are low cost and high attenuation of the vibrations caused by the train traffic.
The design model described herein is a one dimensional model of the suspended railcar, the
unsuspended rolling mass of the bogie or axle, the track superstructure (rail, rail pads and
sleeper), track substructure (ballast, ballast mats and backfill), and the tunnel floor, as sketched
in Figure 1(b). The conical shape of the model is introduced to simulate the spreading of
the dynamic load throughout the layers of the substructure. The model itself is made up of
linear mass-spring-damper systems, solutions to the one dimensional wave equation, simple



springs and an impedance function relating the force exerted on the rock floor by the lowest
substructure layer to the particle velocity of the rock floor. The solution of the model is based
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Figure 1: Problem description.

in the frequency domain, over a frequency range of 20 to 315 Hz. The input to the model is
forced excitation of either the unsprung rolling mass (in the case of a single axle freight wagon
this means excitation of the axle itself), or of both the unsprung mass and the rail (to model
track irregularities and/or out of round wheels).

2 MODELLING

Free body diagrams of the parts of the model of Figure 1(b) are shown in Figure 2. The thin
ballast mats are modelled by the simple mass-spring-dampers (Figure 2(a)), the substructure
layers by the geolayers (Figure 2(c)), and the wagon, rail and sleeper assembly by a mixture of
the mass-spring-damper systems (Figure 2(a) and 2(b)). For each component (or layer) the load
and displacement for the upper and lower component (or layer) interfaces are shown, where q

denotes the interface load and u denotes the interface displacement. The solutions for each
component are given below in the frequency domain (uppercase letters are used to denote the
frequency domain equivalent of a time domain variable).

Each mass-spring-damper system (Figure 2(a)) is modelled by
[
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where ω is angular frequency, while the simpler system in Figure 2(b) is modelled by
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(c) “Geolayer”.

Figure 2: Mechanical and geomechanical components comprising the one dimensional model.

Each “geolayer” is modelled using the one dimensional wave equation, giving

[
1Qi
2Qi

]

=
ωEiAi

Ci





1

tan

“

ω

Ci
hi

” − 1

sin

“

ω

Ci
hi

”

− 1

sin

“

ω

Ci
hi

”

1

tan

“

ω

Ci
hi

”





[
1Ui
2Ui

]

, (3)

where Ci is the compressional wave speed in the material, Ei is the Young’s modulus and
ρi is the mass density. Ai is the effective cross sectional area of the layer, and is calculated
using the load spreading illustrated in Figure 1(b). In the above equations hysteretic damping
is introduced using complex-valued stiffnesses and Young’s moduli.

Assuming the general form of the above equations ((1)-(3)) to be
[
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then the entire system shown in Figure 1(b) can be combined by satisfying equilibrium and
kinematic compatibility, such that
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or, with the same partitioning:
[
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Here Q = [1Q1,
2Q1+

1Q2, . . . ,
2QN ]

T and U = [U1, U2, . . . , UN ]T , where
(Ui = 2Ui = 1Ui+1). The external load vector Q is known for every layer interface except



for the interface between the last layer and the tunnel floor1. The displacement of the tunnel
floor, and thus UN , is assumed to be negligible in comparison to the displacement of the in-
termediate layer interfaces. This allows for the partitioning shown in (5) and (6), so that the
equation Qknown = K11Uunknown in (6) can first be solved for Uunknown, for each frequency in
the frequency range of interest. Qrock can then be found from the solution to Uunknown.

The interaction between the lowest layer and the rock floor of the tunnel is modelled using
the impedance relationship

vt =
QN

ρtCtAt

, (7)

where Ct is the speed of compression waves in the tunnel rock, At the area of the effective
“footprint” on the floor, ρt the mass density of the tunnel rock and vt the resulting vertical
particle velocity of the tunnel floor.

2.1 Load spreading

The angle θ in Figure 1(b) is the spreading angle of the dynamic load from the superstructure,
and is assumed constant throughout the track structure. This defines the effective area of each
layer, giving Ai in (3) for the geolayers and ki in (2) for the ballast mats. The area on the top
ballast layer is given by the geometry of the sleeper, and the resulting area at the bottom of the
substructure is called the “footprint”. This footprint is the area over which the dynamic force
is distributed from the substructure to the tunnel floor.

2.2 Implementation

The solution described above is implemented in MATLAB, with input parameters for the var-
ious train and track designs being defined in a spreadsheet. The system of equations in (5) is
solved over a frequency range of 10—500 Hz.

3 SELECTION OF MATERIAL PARAMETERS

The dynamic stiffness and damping properties of the materials comprising the track substruc-
ture have a large effect on the simulation results. Realistic estimation of these input parameters
is crucial for the quality of the simulated output. The elastic modulus of the material in each
layer is dependent on the instantaneous confining stress, which is in turn dependent on the
axle load, depth and compaction. The damping is dependent upon confining stress, load path
and frequency. Furthermore, the inhomogeneity and variability inherent in granular materials
means that each property is at best an average value.

The granular materials of the substructure have non-linear stress dependent stiffness prop-
erties, which lead to a hysteretic behaviour under repeated loading. During the passage of an
axle load, the materials undergo a major pseudo static load-deformation cycle with degraded
secant stiffness and substantial hysteretic energy loss. The dynamic loads which cause ground
borne noise, however, have much lower amplitudes and higher frequencies, and can therefore
be considered to be superimposed on the major cyclic loads. Madshus 1997 shows that the
response of such materials to the superimposed loads is controlled by the elastic properties of

1The known components are either zero (between substructure layers) or an input corresponding to the force
from either unbalanced wheels and/or track irregularity/out of round wheels



the material, which is determined by the instantaneous value of the major pseudo static load. In
this elastic regime, the stiffness is higher and the damping lower than for the major load cycles.

3.1 Elastic modulus of track materials

The work of Duncan et al. 1980 and Madshus et al. 1993 has been used to find the variation
of the dynamic Young’s modulus for granular materials as a function of confining pressures,
and finite element analysis has been used to estimate the confining pressure throughout the
track substructure due to normal freight rail loading. From this information the substructure
stiffness with respect to depth can be found, as shown in Figure 3. This figure is used to find

Figure 3: Young’s modulus of substructure materials with respect to depth.

the appropriate stiffness for each layer in the model; for example, a 1 m thick ballast may be
split into two layers of different stifnesses, according to the average depth of each layer. The
various rockfills in Figure 3 differ due to their rock quality (classified here as either “good”
or “poor”) and uniformity (classified here as either “well graded” or “uniform”). The material
LECA (Light Expanded Clay Aggregate) is often used as a fill material where weight is an
issue. In the track substructure application this relatively high strength to weight ratio may
contribute to the overall vibration attenuation of the substructure, and therefore this material
has been included in the design phase.

3.2 Damping of track materials

The damping is the materials ability to dissipate vibration energy and reduce resonance vi-
brations. In the elastic regime, which controls the material behaviour for ground borne noise
transmission, the damping is low, typically 2-5%.

Modelling the dynamic response of a track structure with such low material damping leads
to sharp dynamic resonances. Because such resonances are not observed in real tracks other
mechanisms of damping must exist. One such mechanism is due to non-homogeneity in the



granular layers. Firstly, no layer has a constant, unique thickness, and no layer interface is an
ideal flat surface. Secondly, granular materials are internally inhomogeneous, and load bear-
ing occurs along fairly arbitrary chains of particle-to-particle contact forces, as illustrated in
Figure 4(a). Dynamically, a layer of granular material can therefore be thought of as an as-

(a) Ballast loading, indicating dissimilar load paths.
From Kruse and Popp 2003

ki = k̄ [1 + N(0, cov2
k)]

mi = m̄ [1 + N(0, cov2
m)]

ci = c̄
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(b) Randomised MSD system.
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(d) Coefficient of variation vs. damping ratio.

Figure 4: Mechanism and effect of randomised properties

sembly of multiple load bearing members, each with its individual dynamic properties. This
effect can be simulated by an assembly of discrete dynamic systems, with randomly distributed
properties, as illustrated in Figure 4(b). Figure 4(c) illustrates the behaviour of a granular layer
modelled by three individual systems. At frequencies where one of the systems undergoes
resonance, and thus high load transfer, it is restrained by the other systems which are not at res-
onance. To realistically model a granular layer a much larger number of subsystems is needed.



As shown in Figure 4(c), an increase in the number of individual systems results in a frequency
response of the composite system that approaches that of the high damping SDOF system. Fig-
ure 4(d) plots this apparent equivalent SDOF damping ratio versus the coefficient of variation
of the sybsystem parameters. From the figure, and general judgement on the randomness of
the load-carrying chains in granular materials, one can conclude that a damping ratio of at least
15% can be justified for a granular layer.

3.3 Example simulation

Consider an example of a loaded freight wagon and a tunnel track comprising of track, sleeper,
ballast and ballast mat (Table 1). Figure 5(a) plots the accelerations resulting from a dynamic

Table 1: Example parameters.

Thickness Mass Stiffness Damping
Wagon 22500kg 8MN/m 10%

Unsprung mass 1500kg 395GN/m 10%
Ballast 0.3m 2100kg/m3 200MPa 15%
Ballast 0.3m 2100kg/m3 160MPa 15%

Ballast mat 0.04m 10kg/m3 20MN/m3 15%

force of 1 kN applied to the unsprung mass (which includes here the rails and sleeper). The
effect of the ballast mat is shown in Figure 5(b), where the ratio of the force transfer function
(from the applied dynamic load to the tunnel floor) of the track without ballast mat over that of
the track with ballast mat is plotted. This ratio is known as the “Insertion Loss”, and gives a
frequency dependent measure of the design.

101 102 103
10−2

10−1

100

101

102

103

104

Wagon
Rolling stock
Ballast
Mid ballast
Sylodyn
Rock

PSfrag replacements

Frequency [Hz]

Frequency [Hz]

A
cc

el
er

at
io

n
[m

m
/s

2
]

(a) Accelerations at interface of layers/components. (The
green curve of the sleeper (this includes the entire un-
sprung mass) acceleration is covered by the top ballast
layer (red curve).)

101 102 103
−20

−10

0

10

20

30

40

PSfrag replacements

Frequency [Hz]

In
se

rti
on

lo
ss

[d
B

]

(b) Insertion loss due to the addition of a ballast mat.

Figure 5: Example results for a simple track structure.



3.4 Validation

In Wettschureck 1997 a simplified model for structure borne noise for above ground railway
lines is compared againt experimental measurements. The results from both the present model
and that of Wettschureck are compared in Figure 6. The insertion loss created by the addition of
a ballast mat to an otherwise standard ballasted track has been calculated. Up to around 100 Hz
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Figure 6: Comparison of the present model (solid lines) with with Figure 7 in Wettschureck
1997 (dotted lines). Units of the ballast stiffness k are MN/m3. †: Insertion loss
computed by the present model with a nearly massless ballast.

the two models predict very similar insertion losses, however the troughs and peaks occur
at slightly different frequencies. This is because the model in Wettschureck 1997 assumes a
massless ballast—a situation which can be simulated using the present model by giving the
ballast a very small mass density (see the dash-dot line in Figure 6). At higher frequencies the
present model shows the effect of the higher modes of the ballast, which is again not modelled
by the method used in Wettschureck 1997.

4 SIMULATION OF TRACK SOLUTION FOR FULL SCALE TESTING

The design model was used to compare a raft of design solutions, and, based upon insertion
loss and cost, three were chosen for full scale testing. These are described in Table 2, and the
insertion loss for each, relative to a standard ballasted track, is shown in Figure 7. The insertion
loss (IL) here is calculated according to

IL(ω) =

∣
∣
∣
∣

Href(jω)

H(jω)

∣
∣
∣
∣
, (8)



Table 2: Three solutions chosen for full scale tests.

Alternative 1 Alternative 2 Alternative 3
Axle load 22.5kN 22.5kN 22.5kN

Rolling mass 1200kg 1200kg 1200kg
Sleeper 300kg 300kg 300kg
Ballast 0.6m 0.6mm 0.6m

Mat 85mm, 24MN/m3

Extra fill 1.6m poor well-graded
fill

1.6m poor well-graded
fill

0.8m LECA, 0.8m poor
well-graded fill

Mat 85mm, 24MN/m3 85mm, 24MN/m3

where Href(jω) is the transfer function from the input force to the tunnel floor acceleration for
the reference track and H(jω) the same transfer function for the track under evaluation. This
definition of the insertion loss gives higher values than those shown in Figures 5(b) and 6. The
wagon suspension in each case was chosen to produce a 3 Hz natural frequency for the wagon,
while the stiffness between the rolling mass and the track models stiff railpads. In addition, to
model the real situation better, each track is laid on a 100 mm thick layer of levelling material
(this provides a flat working surface on top of the blasted rock floor.
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Figure 7: Insertion loss of each of the three proposed track structures, with respect to a standard
ballasted track. The solid lines show the insertion loss for an input force at the rail,
while the dashed lines indicate the insertion loss for an input excitation at the axle
(rolling stock).



5 CONCLUSIONS

The track model presented in this paper provides a computationally effective, flexible and easy
to use system for simulating the transfer of vibration through a layered railway track. Exten-
sive work has been performed regarding the input parameters for the model (stiffness, density
and damping ratios), in order to produce reliable simulations. The model has been applied to
various track designs, and used to compare designs based upon the widely used measure of
Insertion Loss. Three designs, based upon a standard ballast above layers of rockfill and bal-
last mats, were chosen for full scale tests. This full scale testing is covered in the companion
paper Cleave et al. 2005.
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