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1 Introduction

Uncertainty is often defined as a lack of knowledge. Anyone who has been in-
volved in the planning of investment projects knows that there is much one would
like to know, but which is impossible to obtain in advance. This uncertainty, in-
herent in every project, makes it impossible to estimate precisely in advance how
much a project will cost upon completion. Nevertheless, this is precisely what tra-
ditional deterministic estimation seeks to do. Each line item in the cost estimate
is assigned a specific monetary value, without accounting for the uncertainty as-
sociated with it, and these are summed to produce an exact figure for the total
project cost.

The alternative is to perform cost estimation under uncertainty, acknowledging
that the world itself is uncertain. Here, the input values in the estimate are treated
as uncertain. Such a cost estimate is called a stochastic (probability-based) cost
estimate. The advantage of stochastic cost estimation is that it typically provides
a significantly more realistic representation of costs and their associated uncer-
tainty than traditional deterministic estimates. The disadvantage is that it places
greater demands on the structure of the estimate, the execution of the estimation
process, and on those who perform the work.

This booklet provides an introduction to cost estimation under uncertainty. The
methodology presented here is equally well suited for use in large-scale public
investment projects worth billions as for home bathroom renovations.

Terminology note

In English-language practice, the term risk analysis is often used as an umbrella
term for probability-based analyses of project cost outcomes; this is also the term
used in official English translations of the Norwegian State Project Model (e.g. Cir-
cular R-108/25). In the Norwegian context, the corresponding concept is com-
monly referred to as uncertainty analysis (usikkerhetsanalyse), which is also the
terminology used in the original Norwegian version of this booklet. For consis-
tency with the source text, this translation therefore uses uncertainty and uncer-
tainty analysis throughout.


https://www.regjeringen.no/globalassets/departementene/fin/2025/statens-prosjektmodell/circular-108-25-the-state-project-model.pdf
https://www.regjeringen.no/globalassets/departementene/fin/2025/statens-prosjektmodell/circular-108-25-the-state-project-model.pdf
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2 Probability distributions - the way we express un-
certainty

For most people, the most natural way to express uncertainty is to state a range.
One says that a quantity is greater than X but less than Y. This works well in
everyday life when discussing how much a carton of milk costs or similar quan-
tities. However, for cost estimates that will serve as the basis for investments
in the millions and billions, this is not sufficient. One can say that the cost of a
road or a building will lie between X and Y, but it is clear to most that it is not
equally probable that the cost will end up at Y as at some value between X and
Y. To express both the range and the probabilities of uncertain values, it is most
appropriate to use a probability distribution.

A probability distribution spec-
ifies the probabilities of dif- 0.2
ferent outcomes. Figure 1 0.15
shows the probability distri-
bution for an ordinary six-
sided die. There is a 1/6 0.05 -
chance for each outcome.

0.1 -

This distribution is an example 1 2 3 4 5 6
of a discrete distribution. We
can obtain 1 or 2 as the re-
sult of a die throw, but we can-

Figure 1: Probability distribution of a standard

not, for example, obtain 1.4. die
For use in cost estimation,
it is more natural to employ 0.005
continuous probability distri- 0.004
butions; the most common /\
are bell-shaped distributions 0.003 I \
such as the Normal, Gamma, 0.002
and PERT. \
0.001
Because probability distribu- o \

tions are central to cost es-
timation under uncertainty,

one must be familiar with
their termino|ogy and proper- Figure 2: Example of a continuous probability dis-

ties. tribution
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Percentiles and P-values

When using continuous probability dis-
tributions, it does not make sense to talk
about the probability of a specific out-
come. Instead, we can talk about the
likelihood that the investment cost will
be equal to or lower than a given num-
ber - in other words, the probability
that a budget at this amount will hold.

An n-percentile is the value with an n
per cent probability of not being ex-
ceeded. The 85th percentile, for ex-
ample, indicates the value that, with
85% probability, will not be exceeded.
In practice, percentiles are denoted as

0.004
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0.001 / \
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Figure 3: P50 (red) and P85 (green) per-
centiles indicated on a probability dis-
tribution (blue)

P85, P50, and so on.

The S-curve - the cumulative probability distribution
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Figure 4: The cumulative probabil-
ity distribution of a bell-shaped dis-
tribution
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Figure 5: The cumulative probability
distribution of a die

A challenge with continuous probability
distributions is that they are not directly
readable. If we look at Figure 3, the num-
ber on the y-axis has no direct meaning.
If one wishes to read off a given P-value,
one must take the integral of the distribu-
tion function to compute the area under
the curve. This is not practical to do in
most contexts, and one therefore usually
prefers to use cumulative probability dis-
tributions to present estimation results.

For bell-shaped probability distributions,
the cumulative distribution curve takes on
a characteristic S-shape, and it is therefore
common to refer to this as an S-curve. Fig-
ure 4 shows how, for such a curve, it is
possible to read off the P-values directly.
Many struggle to understand the relation-
ship between the ordinary probability dis-
tribution and the cumulative one. This is
easier to understand when looking at a dis-
crete distribution. Figure 5 shows the cu-
mulative version of the die’s distribution
that was demonstrated in figure 1.
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Most likely value - mode
The most likely value (mode) is the peak of a probability distribution. This is the
single value that is most likely.

Median

The median is the point in a probability distribution at which half of the area un-
der the curve lies to the left and half to the right. In other words, the median is
identical to the 50th percentile, i.e., P50.

Expected value - mean

The expected value is the centre of gravity of a probability distribution. It is the
sum of all conceivable outcomes, each weighted by its respective probability. In
statistics, the corresponding concept is the arithmetic mean - in other words,
what most people associate with the term average. In probability theory, the
expected value is denoted by E' (Expected value).

e Curve

\ == \0de - Most likely value

\ e |\edian - P50
\ Expected value / Mean

0 200 400 600 800 1000

Figure 6: Most likely value, expected value, and median indicated on a right-
skewed distribution

The difference between median, most likely value, and expected value

For many, it can be challenging to distinguish among the median, the mode, and
the expected value. For a symmetric probability distribution, these three values
coincide; for skewed distributions, they differ. Investment costs typically follow
a right-skewed distribution; therefore, it is crucial to understand these concepts
clearly.

To illustrate the difference, we will use an example. Figure 6 shows how the three
value concepts typically fall in a right-skewed distribution. However, it is easier to
distinguish between them by examining a discrete probability distribution rather
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than a continuous one. We will therefore examine the probability distribution of
height for a group of men, as shown in Figure 7.

30%
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20%
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Height in cm

Figure 7: The probability distribution for the height of a group of men

If we order all men represented by this probability distribution from shortest to
tallest, the median, most likely value, and expected value are shown in figure 8.

4 Median — P50
The person(s) in the middle

Mode - Most likely value
Most occurrences

A
S

Mean — Expected value
Average

Figure 8: The difference between expected value, median, and most likely value

Standard deviation

The standard deviation is the most common measure of the spread of a probabil-
ity distribution. The standard deviation has the same units as the expected value
(e.g., kroner or metres) and is typically of the same order of magnitude as the
expected value.

The standard deviation is denoted by the Greek letter sigma and is mathematically
defined as the square root of the variance:

o =Vo?
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Figure 9 shows the spread of values around the expected value in a Normal dis-
tribution. The Normal distribution is one of the most important distributions in
statistics and probability theory because natural phenomena often follow a nor-
mal distribution. This applies, for example, to examination grades and life ex-
pectancy. The results of stochastic estimates will also typically be close to nor-
mally distributed (see subsection 6.2 for a more detailed explanation).

3
=

0.3

0.2

34.1% 34.1%

0.1

0.0

Figure 9: The spread of values in a Normal distribution around the expected value

Variance

We usually use the standard deviation to quantify uncertainty, but it is defined in
terms of the variance. The variance is the squared deviation from the expected
value and is denoted ¢2. It is a quantity that is difficult to interpret in discussions
of uncertainty, and, aside from specific calculations, there is no need to use it.

Relative standard deviation
The relative standard deviation indicates how large the standard deviation is in

relation to the expected value. It is given in per cent:

Orel =

&l Q

This makes sense when we are speaking of pure investment costs, but note that if
the expected value is close to zero - for example, if the income and expenditure
sides of a project balance—then this quantity is not meaningful. In such cases, it
may be more relevant to calculate the uncertainty for the income and expenditure
sides separately.
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Three-point estimate

A three-point estimate consists, as the name implies, of three estimates. All
probability distributions that are commonly used in uncertainty analyses can be
uniquely defined by means of three arbitrary points on the curve. One typically
assesses a lower value, the most likely value (i.e., the peak of the curve), and an
upper value. The lower and upper values are always symmetric percentiles on the
distribution.

One usually uses either P10 and P90 or PO1 and P99. In practice, P10 and P90 have
proven to be better suited because most people cannot imagine how well or how
poorly outcomes can actually vary in extreme cases. However, this depends both
on the domain in which one operates, the level of detail used in the estimate, and
other factors.

Skewness

Probability distributions that are asymmetric are said to be skewed. A distribution
where the peak lies to the left and has a longer tail to the right is called right
skewed, and vice versa. As noted, investment costs typically follow a right skewed
distribution.

0,0045
0,004
0,0035 [ /\ /\
0,003 \
\ / Right skewed
\
\

0,0025 +—
/ e Symmetric

— | oft skewed

0,0015 +—

/

0,002 +— l
/
/

l X
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Figure 10: Probability distributions can be right skewed, left skewed, or symmetric
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3 Cost estimate modelling

Building and structuring a cost estimate in stochastic cost estimation can be chal-
lenging. A stochastic estimate cannot be constructed in the same arbitrary man-
ner as a deterministic cost estimate. This is mainly due to the principle of stochas-
tic independence, which must be maintained for the result to be valid.

3.1 Stochastic independence

In a stochastic cost estimate, cost items are, by default, assumed to be stochasti-
cally independent. Stochastic independence means that two uncertain quantities
or events do not influence each other in any way. A simple example is rolling dice.
If you roll two dice in succession, the result of the second roll is completely inde-
pendent of the first.

Assume we have an estimate with two cost items, A and B, each estimated to cost
between 10 and 20 million NOK. If we suddenly receive information that makes
us entirely certain that A will cost 20 million NOK, then we can only say that the
cost items are stochastically independent if our expectation for what cost item B
will cost does not change. If it does change, they are stochastically dependent and
have what we call covariation (correlation) - the cost items vary in step.

This covariation must be accounted for in the estimate. This concerns the use of
an accurate cost model; however, the phenomenon is often referred to as ‘cal-
culating away’ uncertainty, as it is in the estimate that modelling errors become
apparent.

The primary way to address covariation is to ensure it is absent in the first place.
When building the cost breakdown structure, you should, as far as possible, en-
sure that the items are stochastically independent. It is often tempting to break
down the estimate by contract structure or similar criteria, but this can be coun-
terproductive if there is strong covariation. It is better to end up with a correct
cost estimate result that later needs some work to be reorganised for project
follow-up, than to end up with a structure that is perfect for follow-up but gives a
misleading picture of the project’s uncertainty.

In addition to being deliberate about how you break down the estimate, we have
two other methodsfor handling covariation. One is to extract the common ele-
ments across items into separate uncertainty factors. The other is to model co-
variation within the estimate explicitly. Both these methods are described later
in this chapter.

Top-down approach

Traditional cost estimation typically employs a bottom-up approach. Here, the
project is broken down to a detailed level. One starts at the bottom - at the nuts-
and-bolts level - and sums upwards from there. The weakness of this approach is
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the considerable risk of omissions, i.e. we fail to include everything the estimate
is supposed to cover.

With a top-down approach, by contrast, one starts at the top and details down
to a suitable level. If we estimate a single value for the entire project, then, by
definition, nothing is omitted. The more we detail downwards, the greater the
chance that things fall between two stools and are left out. Figure 11 illustrates
the traditional bottom-up and top-down approaches.

Added for|

omissions:

r
I
A
71
7
- L

[

Traditional bottom-up Top-down

Figure 11: Traditional bottom-up approach versus a top-down approach.

In connection with stochastic cost estimates, there is also a challenge in control-
ling covariation in the estimates when using a very detailed breakdown. There
will be dependencies that crisscross, which cannot be sensibly modelled in the
estimate.

One approach is to first prepare a traditional estimate and then use an aggregated
level of this as input to a stochastic cost estimate. This addresses the covariation-
handling challenge, but it remains an unsatisfactory approach. The same degree
of omission persists, and one often fails to work on the basis of a common set of
assumptions throughout the entire estimating process.

3.2 Structure of the estimate

A stochastic cost estimate can, in theory, be constructed in various ways, espe-
cially if Monte Carlo simulation is used as the calculation method (see 6.3). The
following describes certain principles for structuring and “building blocks” based
on best practice. Itis recommended to adhere to these unless one has a very good
understanding of the underlying theory and firm control of what one is doing.
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Base estimate

A B C
Sum item Sum item Sum item
Al — Bl | C1
A2 L B2 |_i c2
A2 Quantity B3 VAT 3
Markup item
X

A2 Price

Figure 12: Example of breakdown of a base estimate into different item types.

Base estimate

The base estimate is a hierarchical breakdown of what is to be delivered by the
project, and one should here seek to choose a subdivision that, as far as possible,
provides stochastic independence between the cost items. This is built up using
sum items, ordinary cost items, and mark-up items.

Sum items
All cost items that are not at the lowest level in the estimate are called sum items.
They sum the cost items beneath them in the hierarchy.

Ordinary cost items

Typically, the vast majority of cost items in an estimate are ordinary cost items.
That is, cost items that are either a lump sum or a product of quantity and unit
price.

Mark-up items

Sometimes one wishes to include items calculated from other items. Examples
include a markup for site setup or value-added tax (VAT). These items are calcu-
lated based on a three-point estimate of the percentage markup applied to the
sum of the items on which they are based. Markup items are often at the same
level in the estimate as the items from which they are calculated, but they may
also be calculated from items elsewhere in the estimate.
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3.3 Uncertainty factors

Even if one does an excellent job with the fundamental estimate structure, it will
generally be quite impossible to ensure that all cost items are entirely indepen-
dent. There will always be underlying conditions common to many, if not all,
items; for example, market conditions. It is therefore common to extract these
shared conditions into separate uncertainty factors that are calculated as a per-
centage markup on the relevant cost items.

In the overarching estimate structure, one often has a top item under which all
the uncertainty factors are placed, as shown in the figure.

In the example in Figure 13, market conditions are separated as a separate uncer-
tainty factor. For this uncertainty factor, one determines a baseline assumption
about market conditions on the basis of which all items in the base estimate are
priced. The uncertainty associated with this assumption is accounted for in the
uncertainty factor.

Project
|_|____|___|"__] |
I A B C I U
I - Al -~ Bl C1 I L Market
| —
I - A2 - B2 C2 |
I - A3 -~ B3 I

Figure 13: Uncertainty factor applied to the entire estimate

Uncertainty factors are specified as three-point estimates centred around zero
or one, depending on practice. For example, (-10%, 0%, 15%) or (0.90, 1, 1.15).
In most cases, the most likely value in the three-point estimate will be zero (or
one). However, in certain cases, one may, during the estimating process, conclude
that the most likely value differs from the baseline assumption used for the base
estimate.
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3.4 Covariation

In addition to having a suitable cost estimate structure and using uncertainty fac-
tors, when Monte Carlo simulation is employed, one can also capture covariation
by explicitly incorporating it into the estimate. This entails stating the extent to
which the input values in the estimate covary by specifying a pairwise covariation
coefficient between 0 and 1. The number 0 indicates that the cost items are en-
tirely independent, whereas 1 indicates that they are entirely dependent. Exactly
how this is done is tool-dependent, but the most common is to use a so-called
covariation matrix.

Project

sl m] a1 L

Ul

p:O_S - Al - Bl C1 Market

— e — — — | — —

- A2 - B2 C2

- A3 - B3

Figure 14: Modelling covariation.

The disadvantage of handling covariation in this way is that it is a relatively ab-
stract concept, which can be harder for people to relate to than uncertainty fac-
tors. Moreover, covariation modelled in this way becomes largely invisible in the
estimate compared with the use of uncertainty factors.

3.5 Event Items

The cost items discussed so far are all linked to estimation uncertainty. It is uncer-
tain what the market price will be at the time of purchase, what the quantity will
be, and similar factors. There may be underlying factors that push these amounts
up or down, but none of the values are entirely dependent on a single event.

Uncertainty associated with single events is called event uncertainty. For exam-
ple, whether a part of the project is to be built or not may depend on a political
decision. In a cost estimate, we can address this type of uncertainty using event
items. We must then state the probability of the event occurring and the cost
consequence if it does.
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3.6 Level of Detail in the Estimate

There are no clear rules for how detailed an estimate should be. However, there
are some guidelines one should follow to secure the best possible result.

Keep control of stochastic dependence and covariation

The main rule regarding the level of detail in the estimate is that one should never
break the estimate down to a level of detail where one loses control of stochastic
dependence and covariation.

Do not detail more than necessary for the purpose

Another central principle is that one should never detail the estimate more than
is required for the purpose of the estimate. If the primary aim is to determine the
total project cost, one risks getting lost in the details if one breaks the estimate
down to the nuts-and-bolts level. One cannot see the wood for the trees.

Do not detail more than there is a basis to do

The level of detail in the estimate should always be adapted to the project’s ma-
turity level. If one prepares a very detailed estimate at an early stage, this entails
making many assumptions about the final solution. One often lacks a basis for
doing this in the early phase, thereby introducing uncertainty into the estimate
that is not addressed.

Align with the level of experience data

It is essential to be able to quantify the items in the estimate. That is to say, they
must be at a level that harmonises with the empirical data that those who are to
provide prices possess and can relate to.
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4 Estimating uncertain quantities

In the estimates, all uncertain input values are given as probability distributions.
The most common way to define these distributions is through three-point esti-
mates derived from subjective expert judgements. Subjective expert judgements
entail asking domain experts to assess values for the three-point estimates based
on the information available and their best judgment.

An alternative to subjective expert judgements is to rely on hard statistical data.
The disadvantage here is that one must have a very large number of observations
on which to base the assessment. This makes such an approach more suitable for
use in the insurance industry and similar sectors than for cost estimation in a large
investment project. It often happens that someone crashes a car, but suspension
bridges are seldom built in this country.

Although subjective expert judgements can sometimes appear to be ‘guess-a-
number’, research has shown that, even when large amounts of statistical data
are available, such judgements usually yield estimates that are as good as, or bet-
ter than, those produced by purely statistical analysis.

The most common way to provide expert judgment is through group processes.
This entails assembling a group of experts who have specific knowledge of the
project, experience with similar projects, or specialist competence in areas rele-
vant to estimating the project’s cost. A facilitator then leads the group through a
process to determine three-point estimates for the cost items in the estimate. A
significant advantage of using group processes is that each participant contributes
different perspectives, and the process enables the experts to gain insight into one
another’s experiences and reasoning.
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5 The estimation process

Carrying out an estimation process can be a laborious affair, especially if one is
to make use of group sessions. It is unfortunately not possible to cover this fully
in this pamphlet. However, below we set out some main steps based on best
practice.

1. Define the scope of the estimate and make assumptions

Before beginning the work on the estimate, one should ensure a clear delimita-
tion of the project to be estimated. What lies within, and what lies outside, the
project? Any assumptions used as the basis for the estimate must also be made
explicit.

Note that, for the estimate to be valid, it is very important that the assumptions
made are real. One cannot assume away uncertainty that the project is expected
to handle.

2. Set up the structure for the base estimate

The base estimate is established in accordance with the principles given in chap-
ter 3, but the cost items are not yet quantified. At this point, one should avoid
detailing too far down. This can be done later if needed.

3. Identify uncertainty factors

After the structure of the base estimate has been established, it is time to identify
the uncertainty factors, i.e., what is common and should be extracted from each
cost item. Brainstorming is often used as a tool here. Many also use lists of stan-
dard uncertainty factors as a supplement. Relying entirely on such lists, however,
is not advisable; one risks that the project-specific uncertainty is not captured.

Using brainstorming will typically yield a number of points that must be grouped
into fewer factors. Again, the main rule is to ensure stochastic independence be-
tween the factors. At the same time, one should not have too few factors, as this
often results in uncertainty that is not captured.

4. Define a baseline assumption for each uncertainty factor

When using uncertainty factors in the estimate, the idea is to separate this un-
certainty from the base estimate. To accurately cost the base estimate, one must
first establish baseline assumptions for each uncertainty factor. For example, if
we choose to treat market conditions as an uncertainty factor, the uncertainty
associated with this factor should reside within it, whereas all cost items in the
estimate are priced based on a baseline assumption about market development.

5. Quantify the base estimate
When the baseline assumptions for each uncertainty factor are fixed, the base
estimate can be quantified; that is, one goes into each cost item and specifies
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a three-point estimate. One should always make a rigorous assessment of the
spread of uncertainty for each cost item and avoid using template-like approaches,
such as merely setting the extreme values to +=10% of the most likely value.

6. Assess and quantify the uncertainty factors

After the base estimate has been quantified, it is time to assess and quantify the
uncertainty factors. This means assessing what may happen relative to the base-
line assumption used in the base estimate and how many per cent up or down
this will amount to.

7. Assess covariation

Assuming that one uses a calculation method and a tool that allow modelling of
covariation, this is the time to do it. After working through the entire estimate and
quantifying the cost items, one can assess whether any dependencies between
cost items remain unaccounted for and, if so, enter covariation into the estimate
model.

8. Calculate
Unless one uses pen and paper, this step usually consists simply of pressing a
button and waiting while the simulation runs.

9. Assess the result

After the estimate has been calculated, one must assess whether the result ob-
tained is usable and reasonable. Is the uncertainty within the specified require-
ments, and perhaps even more importantly, is it large enough? There have been
cases in which one has ended up with an uncertainty of under five per cent for
projects assessed at the decision-making stage on financing, which is usually ut-
terly unrealistic.

10. Refine

If the estimate result is unacceptable, one must go back and do something. If the
uncertainty is too high relative to the specified requirements, one should consider
obtaining additional information to reduce uncertainty in the input values and, if
necessary, to refine the estimate. Note that one should never split cost items,
remove uncertainty factors, or take similar measures solely to reduce uncertainty
in the estimate. Unless one possesses information indicating that this is the right
thing to do, one has merely removed the uncertainty on paper. It has been ‘cal-
culated away’, but the uncertainty has not disappeared from the project for that
reason.

If, on the other hand, the total uncertainty proves to be too low relative to what
is considered normal, the cause is likely that one has not sufficiently ensured
stochastic independence and has not handled covariation adequately in the es-
timate. One must then go back and reassess the estimate structure, the use of
uncertainty factors, and the modelling of covariation.
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Another possible cause of low uncertainty may be that the three-point estimates
for the cost items are too narrow, suggesting that the process for quantifying the
cost items in the estimate has not been optimally conducted.
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6 Calculating with uncertain quantities

There are two principal ways to calculate stochastic cost estimates: by using ana-
lytical methods and by using simulation methods.

When using analytical methods, the costs for each element are described by a
mathematical expression. Each cost is then combined into a new expression that
yields the distribution of possible outcomes. Modelling and computing a cost
analysis using exact mathematical probability distributions and calculation meth-
ods is both very time-consuming and requires considerable mathematical pro-
ficiency. Successive calculation is an analytical method that uses approximation
formulae that are sufficiently accurate for cost-estimation purposes. The method-
ology was originally developed as a computational tool for use in the so-called
Successive Principle cost estimation methodology, hence the name.

Monte Carlo simulation is more of a ‘brute-force’ method compared with Suc-
cessive calculation. Instead of calculating the estimate once, one does it several
hundred to several thousand times. That is to say, one naturally has a computer
run this. For each calculation run, a random value is drawn from the probability
distribution of each item and used in the calculation. In other words, for each run,
the computer ‘throws dice’ to determine which value it shall use for all the items
and calculates the entire estimate based on these. After the simulation has fin-
ished, the computer has a statistical basis for preparing a probability distribution
of the total sum and any other quantities one may wish to obtain.

6.1 Successive calculation versus Monte Carlo simulation

As of today in Norway, Monte Carlo simulation is the most common calculation
method used in uncertainty analysis. The results obtained from Monte Carlo sim-
ulation and the Successive formulae are essentially the same, provided the same
model structure is used. The advantage of Monte Carlo simulation is that one has
greater freedom in how the model is built, which distribution functions are used,
and the possibilities for correcting for covariation. But this, in turn, places much
greater demands on the person who is to prepare the estimates. The exception
here is specific tools, such as the Norwegian Public Roads Administration’s Anslag,
where a more rigid system for the estimate structure has been set up and the pos-
sibilities for choosing distribution functions, number of iterations, etc., have been
limited in order to abstract away some of the complexity of the methodology.

Access to software is another point of criticism with Monte Carlo simulation. It is
usually either relatively expensive or not available to the general public. An ad-
vantage of using the Successive formulae is that one can manage with an ordinary
spreadsheet or even pen and paper.

Another disadvantage of Monte Carlo simulation is that it is often regarded as a
black box. One puts some numbers in at one end and gets others out at the other,
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but one neither sees nor understands what is happening inside. The methodol-
ogy is therefore not well suited to providing an intuitive understanding of how
calculations with uncertainty work. On the other hand, by using the Successive
formulae, one can follow the calculations step by step and observe the results.

If one has not previously worked with cost estimation under uncertainty but is
interested in trying it, it is advisable to start with the Successive formulae. You
do not need to acquire or familiarise yourself with new software, and you will
develop an intuitive understanding of how to calculate with uncertain quantities.

6.2 Successive calculation

In Successive calculation, one uses formulae based on expected values and stan-
dard deviations. The input values are given as Gamma distributions specified by
a three-point estimate, and one computes each cost item’s expected value and
standard deviation from this.

Calculating with the expected value and standard deviation is possible because
one assumes that the final estimate will be normally distributed. This assumption
rests on the central limit theorem, which states that the sum of a large number of
stochastic values with random distributions tends to be normally distributed. This
means that even if one has distributions that are highly skewed taken individually,
the result of summing them will be approximately normally distributed if one has
a sufficiently large number of cost items.

n=1 n=2 n=>5 n=10
n=15 n=1000

Figure 15: Change in curve shape when summing n identical items

Typically, approximately 30 cost items are considered sufficient. But this presup-
poses that the cost items are of the same order of magnitude and that there is
more summation than multiplication in the estimate. (The central limit theorem
applies to the summation of items, not to multiplication. With multiplication, the
skewness increases.) For example, an estimate in which one has more uncertainty
factors than cost items will typically not be normally distributed.
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Formula set

In Appendix A there is a complete set of formulae for Successive calculation with
an explanation of when these are used, and worked examples for each of the
formulas.

6.3 Monte Carlo simulation

Monte Carlo tools

To use Monte Carlo simulation as a calculation method, one must have suitable
software available. There are certain specialised tools for cost estimation that use
Monte Carlo simulation, for example the Norwegian Public Roads Administration’s
Anslag programme, but the most widespread are general Monte Carlo tools that
run on top of Excel. The best known are @Risk and Crystal Ball.

Estimate setup

Setting up estimates in such tools is usually straightforward. One sets up the es-
timate in an ordinary Excel spreadsheet, then specifies which cells contain un-
certain values and which probability distribution to use, and which cells contain
results to retain. Although one has considerable freedom to do as one wishes, it
is recommended that one adhere to the guidelines provided in chapter 3.

Distribution functions

When using Monte Carlo simulation, one must choose which distribution func-
tions to use for each uncertain quantity in the estimate. One typically uses the
same distribution type for all the cost items in the estimate. The main rule for
selecting the distribution function is that it must be possible to specify it using a
three-point estimate. Although a three-point estimate uniquely defines most dis-
tributions, the simulation tool used may not have built-in algorithms to convert
the three-point estimate into the distribution’s actual parameters. For example,
the Gamma distribution, which is used in Successive calculation, cannot typically
be specified using a three-point estimate. There is usually an option to specify
using three percentiles, but specifying P50 is not the same as specifying the most
likely value, which is what one uses in three-point estimates. It is therefore bet-
ter to choose another distribution that actually allows us to use a three-point
estimate as desired.

In most simulation tools, the PERT distribution will be the most suitable. One must
simply be aware that it initially takes absolute minimum and maximum values
as the endpoints. One must therefore specify that one instead uses the desired
percentiles (for example, P10 and P90).

Iterations

When we speak of iterations in connection with simulation, we mean full calcula-
tions of the estimate. In each iteration, the simulation engine draws new samples
for all uncertain quantities and performs the calculations deterministically. After-
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wards, all iterations are run, the simulation engine gathers all up.

It is essential to run enough iterations to obtain a reliable estimate. What is suf-
ficient depends on the size and structure of the estimate; however, as a rule,
10,000 iterations are adequate. Most simulation tools also have the option to
run the simulation until it converges.

Seed

Simulation engines use a pseudorandom number generator seeded with a value.
A given seed will always produce the same stream of random numbers. This
means that if one runs a simulation twice in a row, one will obtain precisely the
same result, even with only tens of iterations. It is therefore recommended that
the simulation tool be set to use a random value as the seed. This makes it eas-
ier to determine whether the number of iterations is sufficient. A simulation of
an estimate run twice with different seeds should give approximately identical
results.
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6.4 Complete calculation example

A complete calculation example illustrating how an estimate can be set up accord-
ing to the methodology presented in this pamphlet is available for download from
Concept’s website. There is both a version that uses Successive calculation and
a version configured for Monte Carlo simulation with @Risk (the latter requires
@Risk to be installed in addition to Excel).

Line item
A Thing 140 000.00 150 000.00 165 000.00 152 066.12 9 881.42 97 642 519 | 152 066.12 97 642 519 9881.42 3%
B Thingamajig 229 073.97 2716652081 52121.51
B1 Labour 92 859.23 959304100 3097263 27%
Bla Hours 100.00 120.00 200.00 144.79 39.53 1562
B1b Hourly rate 500.00 600.00 800.00 64132 118.58 14 061
B2 Parts 136 214.74 1757347982 41920.73 50%
B2a Cost 5000.00 6000.00 8000.00 6413.22 1185.77 1406052
B2b Quantity 15.00 20.00 28.00 21.24 5.14 26
Total base estimate 381 140.09 2814294600 53 049.93
Uncertainty factors
U1 Market 0.95 1.02 1.10 1.02 0.06 0.0035 9197.76| 657997 154.88 25651.46 19%
U2 Project Management 0.98 1.00 1.02 1.00 0.02 0.0002 0.00 37015 309.67 6 084.02 1%
Total uncertainty factors 9197.76 695 012465 26 363.09
Total project 390337.85 3509307065 59 239.40 100 %
100% /
90%
B2 Parts
80% /
70%
/ B1 Labour
60%
/ —S-curve
50%
=P85
/ U1 Market
40% / ——P50
30% /
AThi
20% / e
10%
/ U2 Project Management
0% T T T T
170000 270000 370000 470000 570000

Figure 16: Screenshot of the Excel example that can be downloaded from Con-

cept’s website
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7 Estimate results

The main result of a stochastic cost estimate is a probability distribution of the
project’s total investment cost. It is common to present this graphically as an S-
curve, as described in chapter 2. In addition, it is customary to extract relevant
measures for centre and spread, typically the expected value, the median (P50),
the standard deviation, and the relative standard deviation.

In many organisations, the funds appropriated to a project are based on a sum
at a higher percentile than the centre. This is to increase the probability that the
budget holds, even if the project incurs negative outcomes due to uncertainty —
that is, an allowance for uncertainty is set aside in addition to the project is ex-
pected cost. For example, in large Norwegian government investment projects, it
is common to use P85 (which is approximately the expected value plus one stan-
dard deviation). It is then also common that this figure is presented as part of the
estimate result.

100%

o /
80% /
70% /
60%

/ — S-CUrVe

0, -

50% / e P85
40% / P50
30% /
20% /
10%

0% T T T T
200 000 300 000 400 000 500 000 600 000

Figure 17: Example of an S-curve with P50 and P85

The S-curve and the measures provide an overview of what the project is esti-
mated to cost and the uncertainty surrounding this estimate. In addition, it is
desirable to identify which components of the estimate contribute most to the
uncertainty, both to assess and prioritise measures. Furthermore, to determine
where one should work, if necessary, to obtain further information if the uncer-
tainty in the estimate is unacceptable.

A tornado diagram provides an overview of which cost items in the estimate con-
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tribute most to the uncertainty and the share of the total uncertainty each con-
tributes. How this is presented varies with which calculation method is used. In
Monte Carlo tools, this usually emerges on the basis of a statistical analysis. When
using Successive calculation, one computes a cost item’s share of the total uncer-
tainty by dividing the item’s variance by the project’s total variance.

B2 Parts - 50 %
B1 Labour - 27 %
Ul Market - 18 %

AThing-3%

U2 Project Mgmt.-1%

Figure 18: Example of a tornado diagram

Taken together, the S-curve and the tornado diagram provide a clear picture of
the project’s cost, the magnitude of uncertainty around this figure, and where this
uncertainty is located within the project. They are therefore good tools for com-
municating estimate results to decision-makers, provided that these are trained
in reading this type of information.
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Appendix A Successive calculation: formula set and worked
example

Calculating input values

In Successive calculation, all input values are assumed to follow a Gamma distribu-
tion and are specified using a three-point estimate. To obtain the expected value
and standard deviation of these distributions for use in subsequent calculations,
we apply the following formulae.

Table 1: Formulae for calculating the expected value and standard deviation from
a three-point estimate

Expected value Standard deviation
E_P1+2.9XM+P99 O__ng—Pl
P1/P99 = 4.9 = —4.6
E_P10+0.41><M+P90 O_:PQO_PIO
P10 /P90 - 2.41 2.53

Where

FE = expected value
o = standard deviation
M = most likely value
P,, = the value at the nth percentile (quantile)

Worked example

Assume we have anitem in the estimate given by the three-point estimate (100, 200, 400),
where the extreme values correspond to Py and Pyg. Then the calculations of

the expected value and the standard deviation are:

_ Pio+0.41 x M+ Pyy 100 + 0.41 x 200 + 400

B 2.41 - 2.41

= 241.32

_ Pyo—Pyp 400 — 100
253 253

=117.65
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Summation
Summing expected values is direct addition. Summing standard deviations is done
by summing variances and then taking the square root of the total variance.

In a normal cost estimate, all items that are not at the lowest level in the hierarchy
are sum items and are calculated using these formulae.

Table 2: Summation of expected value and standard deviation

‘ Expected value ‘ Standard deviation ‘
Two items
Ewoit=FEs+ Ep Ot = (/03 + 0%
n items N
n
Byt = Z E; 2
O = o)
| tot ; i
Worked example

Assume we have two items A and B with the following expected values and stan-
dard deviations:

Then
Frot = E4 + Eg = 500 + 400 = 900

and

oT0t = /04 + 0% = /1502 + 2002 = 250
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Multiplication

Calculating the product of uncertain quanti- B
ties is straightforward multiplication for the ex- .
pected value. However, for the multiplication ﬂ

of standard deviations it becomes a little more
involved, because here the expected values of
the uncertain quantities also play a role, as il-
lustrated in the figure to the right. E.| ELE; | o.E;

Og | Op EA On03s

» A
The formulae for the multiplication of stan- EA O,

dard deviations apply to ‘hierarchical’ multipli-

cation. This applies, for example, when mul- Figure 19: Multiplication of un-
tiplying quantity and price. If, on the other certain quantities

hand, we have multiplication that goes outside

the cost-estimate hierarchy, such as when us-

ing mark-up items or uncertainty factors, then one must take a few additional
steps to include all of the uncertainty.

This is because, when we calculate with uncertain quantities, the following holds
when calculating the total for the product of a sum of items and an uncertainty
factor:

Tot=Px(1+f)#P+Pxf

The reason for this is that P does not represent a single value, but a variable that
can take several values. That is, in the last expression where P appears twice, P
is in reality not one and the same item, but rather two identical, yet stochastically
independent, items.

In order to include all uncertainty for a factor f, we must therefore first calculate
the total for P x f and then subtract the uncertainty for P that is already included
in the estimate.
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Project

—

I A B I U

- |

I Al B1 I

l A2 - | U1 Uncertainty Factor
— f

I A2 I-- ﬂm Ofitﬂs) Ji (add-on distribution)

I | Quantity l

| ;<2 |

I 1 Cost I

- — — — — — - -

Figure 20: Hierarchical and non-hierarchical multiplication in the estimate

Table 3: Formulae for the multiplication of expected value and standard deviation

Multiplication

H Expected value ‘

Frot = EA X EB

Standard deviation

o1t =\ (0AER)2 + (0BEA)? + (0a0B)?

Multiplication
of a factor and
sum of items®

EFIEPXEf

or =/ (0 (1+ Er))* + (00 Ey)? + (0p0s)? — o2

L “Sum of items” refers to a subtotal P in the estimate, and f is the factor (e.g.,

mark-up).

Worked example - product of quantity and price
Assume we have an item with quantity A and price B with expected value and
standard deviation as given:
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‘E o
A\lO 12
B\ZO 15
Then
Frot = E4 x Eg =10 x 20 = 200
and

orot = /(04EB)2 + (08EA)? + (040B)?

= /(12 x 20)2 + (15 x 10)2 + (12 x 15)2 = 335.41

Worked example - product of sum of items and factor
Assume we have a sum of items given by P and a factor f, where the probability
distribution for the mark-up is given by f:

E o
P \ 1000 100
f10.02 0.10
Then
Er = Ep x Ey = 1000 x 0.02 = 20
and

or = 102.49
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